]

45. (a) None, since sin”! x is undefined for x > 1.

1

(b) None, since sin” " x is undefined for x < —1.

. 1
(c) None, since ism Tx=
dx

o #0.

46. (a) None, since cos ! x is undefined for x > 1.

1

(b) None, since cos™ x is undefined for x < —1.

1
(c) None, since icos“1 x=— #0.
dx 1—x2
47. (a)
L]
P

a=cos™ x, B=sin" x

-1 . -1 T
Therefore, cos™ x+sin” x=a+f= 5

a=tan"'x, f=cot™ x

- - T
Therefore, tan™! x +cot 1x=06+[3=5.

;
. X
]

1

a=secx, B=csctx

- - i1
Therefore, sec™ x +csc 1Jc=oz+ﬁ=5.

48. .

-

3

g
# 3
¥ %
M #

NS R
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AY
—le—|
:

If s is the length of a side of the square, then -
tana=>=1, so @=tan"' 1 and

tan f="=2,50 f=tan"' 2.

SR

Then y=m—0—B=n—tan' 1—tan™' 2=tan™" 3.
(In the last step, we used Exercise 48.)

Section 3.9 Derivatives of Exponential and
Logarithmic Functions (pp. 172-180)

Exploration 1 Leaving Milk on the Counter
1. The temperature of the refrigerator is 42°F, the temperature
of the milk at time = 0.
2. The temperature of the room is 72°F, the limit to which
y tends as ¢ increases.
3. The milk is warming up the fastest at ¢ = 0. The second
derivative y” = —30(In(0.98))*(0.98)" is negative, so
y’ (the rate at which the milk is warming) is maximized at
the lowest value of #.
4. We set y =55 and solve;
72-30(0.98) =55
17

0.98) =—
(098) ==7

t1n(0.98) = ln(ﬂ)
30

&)
Inf —
= 30 =728.114

f— e L

/

B
C

The “straight angle” with the arrows in it is the sum of the
three angles A, B, and C. )

A is equal to tan"! 3 since the opposite side is 3 times as
long as the adjacent side.

B is equal to tan™ 2 since the side opposite it is 2 units and
the adjacent side is one unit.

Cis equal to tan™' 1 since both the opposite and adjacent
sides are one unit long.

But the sum of these three angles is the “straight angle,”
which has measure 7 radians.

" In(0.98)

The milk reaches a temperature of 55° F after about
28 minutes.

5. % =-30In(0.98)« (0.98)". At r=28.114,

% ~ 0,343 degrees/minute.

Quick Review 3.9

8
In5
2. 7% =e1n7x :exln7

1. Iog58=1n—
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tanxy _
3. In (™) =tanx g ( )_i(xex)
dx  dx dx
4 In(x*- ‘24 = (a2Xe") + (¥ X25) ~ [(xXe™) + (" XD
+ 2 x x x
=x"e +xe —e
m&%ﬂm_@ B )
X
9.3 e e =l («/_)—2\/—
5. log,(8") =log, (2*)* = log, 2> =3x 15
dy d 2y d 2
15 10. (X Y 2 (%) = 25
6. log4x12=1510g4 _15_ §x>0 I de’ dx(x) xe
log4x 1210g4 12 4
1. DL _grpg
7. 3Inx—In3x+mn(12x*)=1n x> —In 3x +In(12x?) dx dx
@xi2x®) _ 4 .Y i9"*_9—"1n9——— =-97%n9
th—ln(4x) b (In 9)—(-x)
8 3=19 13, D 2 4 gewx _gemx 13y @ (e
In 3 =1In19 ©dx dx dx
xln 3=In19 =3%%(n 3)(—csc x cot x)
= ]n19~268 =~3%*(In 3)(csc x cot x)
in3 dy d d
) 14, ¥ = T geotx _geor (1 3) © oot x)
9, 5'In5=18 dx  dx dx
518 = 3% (In 3-csc® x)
In5 = —3%%(In 3)csc? x)
18
In5 =ln—
In5 15 Y - iln(x)=i2i(x2)=—-1-2~(2x)=2
tIn5=1In18—1In(In 5) dx dx x* dx x x
In18—In(In5)
ey 150 dy d 2In
ns 16.Ey (nx x)? —21nx——(1n x="27
10. 3 =% dy d 1
Y _ -1
17.2="1n == (-Inx)==——, x>0
In 3% = 1n 2% o) ( A==
(x+DIn3=x1In2
x(ln3 In2)=-In3 18.ﬂ=iln&=i(ln10—lnx)=0—l
dc dx x dx X
In3
=— = =271 1
In2-1n3 ——;,X>0
Section 3.9 Exercises 19 i]n(lnx)=Lilnx= L 1_ 1
p J dx Inx dx Inx x xkhx
dy _
1. = (2¢*)=2¢*
dx dx 20.Q i(xlnx x)= (x)(1]+(lnx)(l)—1
dy d_ 9 9x d o 2x dx \*/
Z'dx dx(e )=e E(Zx)—Ze —1+lnx—1=Inx
dy _d ~_, 4 - d In d
3. —=—¢ "= —(-x)=—¢"" 21. dy 2 % In
dc dx dx dxdx(l4)dxln4dx1n4(x)
dy d —51 —Sx —5)‘
4. 22 —5x)=-5
b’ ( " =1nz4'l= 1314: 1112
X X X
5 D delea ezx/ai(_x]=gezx/3 :
dx  dx 1
dx\ 3 3 . —‘_——(1 J_) d lnxm d 2lnx
6. Y _d v s d|_x 1 - dx 5 dx In5
dx dx’ dx\ 4) 4
R S )= AL SRS
B _ ety Ly e 2In5 dx 21n5 x 2xIn5
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31. Equation of line: y=mx

dy d 1) d 1
23. —=—log2[—)=—(—log2x)=————,x>0
dx  dx x) dx xIn2 Slope: m=—_ ln(2x)— -2—1
sy H_d_ 1 __ 1 (1 0g, %) At the point where the tangent line touéhes the
dx drlog,x  (og,x)’dx graph, y=mx and y=In(2x)
- 1 1 —_ 1 mx=In2x)
(log, x)” ¥In2  x(n2)(og, x)’ 1
In2 -;-x=ln(2x)
or —
x(nx)? 1=1n(2x)
&y _ el=2x
25. (1n2 log, x)= (1n2)—(log2 x) e
dx  dx x=7
1
=(n )(xln2]=;,x>0 Therefore, m=L22
x e
32. Equati f line: y=
26. ¥ = L 1og, 1+ x13) dration oF fme: y=mx
dr ds Stope: meL(nZ)o L d(x)_3 1 1
;———(1+xln3) P M=\ "3 ) 3B ax\3) 7% 3T %
(+xln3)in3 dx At the point where the tangent line touches the
(+xh303 1+xh3’ " In3 graph, y=mx and y=ln(—3—)
dy Ine =1l X
27. I dx(logloe )——(xlogwe)-logloe—lnlo mx—ln(3)
_ JONE
In10 PR
x
28 Y- L0 =L e10)=1n 10 1=‘“(§)
dx dx dx
29. m=5 el=%
):=3i+1 x=3e
yEy =3 Therefor m——l———l-
x=1.379 e, m=—=
y=317 11=5551
(1.379, 5.551) 33, Do omy_pae
dx  dx
30 my=——=1 d
w3 3. 22 L )y 2 14 D) = VD
J dx dx
e -=2¢"
4 2e Th=2e 35, W o4 L i
1 dx dr
372 dy_d
% . 36.% T = = (e
x=-In6 d 1 1
=20 -1 37. d—ln(x+2) (x+2) <72
) 2 Domain of f: x+2>0
y=e1=73 x>-2

(-1.792, -0.667)

Domainof f': x#-2 and x>-2,

so x>-2
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38, %1n(2x+2) 21+2 - (2x+2) 43. ]ni:
1 —
=G+ 2 d e
L ' dx
x+1 1dy
Domain of f: 2x+2>0
2x>-2 &)
x>-1

Domain of f*: x#-1 and x>-1, so x>-1

(sin x)*
In (sin x)"
x In (sin x)

—Iny= i|:x1n (sinx)]
_( )( )(cosx)+ln (sinx)(1)
Zx = y[xcotx+1n (sinx)]

% = (sinx)* [x cot x + In(sin x)]

d d
—_— - = 44. = x'anx
39. dxln(Z cosx) 3 cosx | dx —(2—-cosx) y=x -
sinx Iny=1In(x™")
- 2—-cosx d 1ny=(t;nx)(h1x)
Domain of f: 2-cosx>0 Elny:—[(tanx)(lnx)]
—cosx>—2

L. 1 dy
cosx<2 which is true for all x.

Domain of f”:cosx # 2 which is true for all x. All real

d
numbers. Zé =y
All real numbers.

d 1 2 Q
&2 = X dx
40. dxln(x +1)= Fi1de (x = o)

Since x2+1>0 forall x,

falih’ AU 2
Vi (tanx )( J+(h1X)(SeC x)

[tan—+(1n x)(sec? x)]
X

=yt [@%(ln x)(sec? x):|
x

Domain of f= Domain of f* = all real numbers.

45 =5(x-—3)4(x2+1)= x=3*x2+1) "
Y \/ (2x+5)° (2x+5)3

d 1
N loe e D= s & ZGxtD ny=lo| &= a2 +D))
___ 3 2x+5)°
T (3x+DIn2 1, G- )2 +1)
hy= g s
Domainof f:  3x+1>0 X (2x+5)
x>-1/3 y=5 [4In (x- 3)+1In(x*+1)=3 In (2x+5)]
1 1
Domainof f: 3x+1#0and x>-=, so x>—— i A4 _3
3 3 dx(lny) S I (x-3)
o — 1/2
42. First, note that log,+/x+1 —llogm(x+1) +%Eln (x2+1)——§ iln(2x+5)
d d ydx 5x-3 5y +1 5 2x+5
P logw\/x+1—d [ logm(x+1):| ﬂ_y 4 X % 6
I | (x+ n dc T (5(x=3) 5x*+1) S2x+5))
1/5
-2 (x+1)ln10 dx dy [(x—3)4(x2+1)]
1 —_— = ———
S S dx 2x+5)°
26+ DIn10 (2x+5)
Domainof f: x+1>0 4 [ 2x 6
x>-1 5(x=3) 52+1) 5(Q2x+5)

x#—-1 and x>-1
x>-—1

Domain of f”:
S0,



_ xvx?+1 _ x(x? +1)1/2

- (x+1)2’3 - (x+1)2’3
Cx(xr 4"
x+1)*?
lny=lnx+»12~1n(x2+l)—§ln(x+l)
ilny=i1nx+1iln(x2+1)—311n(x+1)
dx dx 2 dx 3 dx
ldy 1.1 1

2 1
== 2x)-=——(1
ydx x 2x2+l(x) 3x+1()

dy 1 x 2
——=y| —+ —
dx X x241 3(x+D

Q_x\/x2+l(1 x 2 J

46.

dr D \x 2241 3+D)
47. y = x!n*
Iny=In(x"")=Inxe+Inx = (Inx)?
1dy d, d
ydx_dx(lnx) =2Inx dx(lnx)
=21nx-l= 2Inx
x
dy _ 2lnx _2x™Inx
dx 2" Tx T x
48. y= x(]/lnx)
1
— (I/lnx) — . —
Iny=Inx Thx Inx=1

d d
—ny)=70
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includes the point (0, 0), so we have:

0=-— (0—a)+ae®
(a+1De”
=—2 g
(a+1De’
= l a
(a+1e”
a=0or ! +e =
(a+1)e®
The equation +¢” =0 has no solution (as can be
(a+De
1
seen by graphing y= +¢" on a calculator), so we
(x+1e*

need to use a = 0. The equation of the normal line is

—1 0
=——(x—-0)+0e’, ory=—x.
Y (0+1)e0( ) Y

51.(a) P(0)= ) 300 18

3 d 4eep N1
() P/(1)=300—(1+2*)
=-300(1+ 247y 2« (In2)2%(-1)
_300(In2) 2%
T (142412
300(In2)
=

(c) Graph P’(¢) on a graphing calculator. Use TRACE or
CALC— MAXIMUM to find that the maximum of

P'(4)= 52

1 dy
ydx =0 P’(¢) is at ¢ = 4. The rumor spreads at its maximum rate
dy after 4 days; at that time the rumor is spreading at a rate
T = 0x>0 of 52 students per day.
200
49. Yo 52. @) PO)=—— =1
dx 1+e
The tangent line passes through (0, 0) and (a, €*) for (b) i 200((1+ o5 )_1)
some value of @, and has slope e®. Thus dt
-0, =200(-1X1+¢5) 2 L4
=0 e dt
i =200(=(t+e> e X=h
Z_=¢“, soa= 1. Therefore the line has slope ¢' and 200>
a =
passes through (1, e). It has equation 1+ 35_’)2
y—e=e(x—1), ory=ex. o 200¢5-4 ~
Therefore, y= ex-D+e @ a+ S )2

y=ex
50. For y=xe™, we have y'=(x)(e")+ (")) =(x+1)e*, so

the normal line through the point (a, ae®) has slope

1 . .
m=- and its equation is
(a+1e

1
=— @t Def (x—a)+ae”. The desired normal line
a+)e
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52. Continued

(c) Graph P’(t) on a graphing calculator. Use TRACE or
CALC— MAXIMUM to find that P’(¢) has a
maximum at ¢ = 5.

5-5
P=22¢ " _s0
1+e7)
The flu spreads at its maximum rate after 5 days. At that
time, the flu is spreading to 50 students per day.

/140
5, 44 01[1]

S dt dr\ 2
=204 5140
dt

—t/140
=20(2 )(mz)d( 140)
=20(2710y (an)( )

~ (2—t/l40 )(ln 2)
7

9170y 412

At t =2 days, we have C—111—4—= ( )(n ) —0.098
dt 7

grams/day. This means that the rate of decay is the

positive rate of approximately 0.098 grams/day.

ko1
54, —1nkx—~~—kx——=—
(a) (kx) o dv o x
b) %ln(kx)=;(lnk+lnx)
=O+ilnx=l
dx X

55. (a) Since f/(x)=2"In2, f/(0)=2"In2=In2.

ey i JID=FO) o 2020
R
—l'mzh—1
_hl—>O h

(c) Since quantities in parts (a) and (b) are equal,

58. False. It is 2¢%*.

150
59.B. P0)=——F—=3
© 1+¢*°

60.D. x+3>0
x>-3

61. A, y=log,;(2x-3)

o1 g3
dx (In10)(2x—3) dx
2

T (n10)(2x—3)

62.E. y=2"*
¥’ =2""(In2) (-1)
Y(2)=-2"2(In2)

, __(ln2)
Y(2)= >

63. (a) The graph y, is a horizontal line at y = a.
(b) The graph of y, is always a horizontal line.
a 2 3 4 5
y3 |0.693147 | 1.098613 | 1.386295 | 1.609439

Ina |0.693147 | 1.098612 | 1.386294 | 1.609438

We conclude that the graph of y, is a horizontal line at
y=Ia.
d . . Y
(¢) —a* =4d” ifand only ify, === =1.
dx 3 »
. d , . x: .
Soif y; = Ina, then Ea will equal a* if and only if

Ina=1l,ora=e.

@ y, = %a" =a" Ina. This will equal y; = a*

hmz—;lzlnz ifandonlyif lna=1, ora=e.
=0 h
(d) By following the same procedur&: sz above using 64, di ( —%xz +k) =y and di (nx+o)= l .
dx\ 2 ) dx x

1

g(x)="7", we may see that lim L =7

-0 h

56. Recall that a point (g, b) is on the graph of y = ¢” if and only
if the point (b, a) is on the graph of y = In x. Since there are
points (x, *) on the graph of y = ¢* with arbitrarily large
x-coordinates, there will be points (x, In x) on the graph
of y = Inx with arbitrarily large y-coordinates.

57. False. Itis (In 2)2%.

Therefore, at any value of x, where the two curves intersect,
the two tangent lines will be perpendicular.



65. (a) Since the line passes through the origin and has slope
1. .o X
—, itsequation is y = —.
e e
(b) The graph of y = In x lies below the graph of the line

y= 2 forall positive x # e. Therefore, Inx < X
e (4

for all positive x # e.
(¢) Multiplying by e, elnx < x or Inx® < x.

(d) Exponentiating both sides of In x° < x, we have
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(c) The tangent line is vertical where 2xy —x* = 0, which
2
impliesx=0ory= % There is no point on the curve

%2 %2 : %
where x=0. If y=-—,then x| — -3 = |=6.
. 2 2 2

Then the only solution to this equation is x = J-24.

Chapter 3 Review Exercises
(pp. 181-184)

l.fi—)izi[x5 lJc2+1x) 5)64—1x+1
* <e*, orx® <e* forall positive x # e. dx  dx 8 4 4 4
dy d :
(e) Let x = 7t to see that 7°< e”. Therefore, e” is bigger. 2. o 3(3‘73‘3 +3x7)= 215" +21x°
Quick Quiz Sections 3.7-3.9 dy d
3. —=—(2sinxcosx)
9 i dxdx
LE y=—-2 . d d .
2x 2 = 2(sinx)— (cos x) + 2(cos x) — (sin.x)
dx dx
ﬂ__i_ w2 2
= x =-2sin“ x+2c08" x
dx  2x* -
Alternate solution:
& =" ’ - -4 d d d
dl,., 2@ 2 Ey=a(2sinxcosx)=Esian:(cost)@)
dy 5 =2c082x
2A _(003(3""2)) Wb d(2x+1) Qx-D@-Qx+D@)__ 4
=3(cos(3x—2))2(—sin(3x—2))(3) “dx dx\2x-1 Qx—1)? x-1*
=-9cos? (3x—2)sin(3x-2)
5. j: %COS (1-2t)=—sin(1-28)(-2) =2sin(1-2¢)
d)’ -1
3.C. ——(sm (2x))
dx dx 6. B4 [2)o (2 a(2)_ 222
_ 1 4 dt dr \t t)ar\ t t)\ 2
—7\/—2dx(2x)
1—2(2x) =£csc2 2
- 2 t
1-4x
dy d 1Y d -1/2
4. (a) Differentiate implicitly: 7. E‘E[&+I+ﬁj“a(x 4
d o, 5. d
—(y" —=x"y)=—(6) Lo 1 o5 1
dx ) dx , 5 x 2 * Wr 22
Y 2 34y
1-y2+x-2y——(3x y+x —J=0
dx dx 8. A—y —(x\/2x+ )= (x)( 1](2)+(\/2x+ D)
2xya—x E=3x y=y =x+(2x+1): 3x+1
Q_3x2y—y2 V2x+1 J2x+1
A 2y 9, % %sec(l+39) sec(1+36) tan(1+ 36)3)
(b)Ifx=1,theny’ —y=6,s0y=—2o0ry=3. =3sec(1+36) tan(1+36)
ay_ 3(1)*(=2)—( 2)
e 10. -4 2 aoe?)
2 (-2)—- (1) d9 deo

The tangent line is y + 2 = 2(x — 1).
dy 3(1)*(3)-3*

D3~
The tangent line is y = 3.

At (1,3),

d
=2tan(3—6%)— tan (3 - 62
( )de ( )

=2tan(3-6%) sec? 3—6%)(=26)
=—40tan(3— %) sec? (3— 67)



