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Section 3.8 Derivatives of Inverse Quick Review 3.8
Trigonometric Functions (pp. 165-171) 1. Domain: [~1, 1]
Exploration 1 Finding a derivative on an T on
Inverse Graph Geometrically Range: 3
1. The graph is shown at the right. It appears to be a one-to- &
one function At 2
/ 2. Domain: [-1, 1]
7 Range: |:O, 7r:|
/ At 1:0
[_4.7 4'7] by [_3'1 3.11 3. Domain: all reals
2. f’(x)=5x*+2. The fact that this function is always Range: (_E, EJ
positive enables us to conclude that fis everywhere 2°2
increasing, and hence one-to-one. At l: 7
3. The graph of f~!is shown to the right, along with the 4

graph of £ The graph of f-1is obtained from the graph 4. Domain: (oo, —1JU[L, o0)
of f by reflecting it in the line y = x.

JdoE Ul E
7L—J Range: I:O, ZJU(Z,K]
""'f, At 1.0

——
/ 5. Domain: all reals
Range: all reals
[-4.7, 4.7] by [-3.1, 3.1] At 1:1
4. The line L is tangent to the graph of f ~at the point (2,1). 6. f(x)=y=3x-8
y+8=3x
(2,4
____,'-——'_,—F"""_'"_.-- x= y+8
P 3 .
Interchange x and y:
_x+8
[~4.7, 471 by [-3.1, 3.1] ‘ Y=
5. The reflection of line L is tangent to the graph of f at the f—l (x)= x+8
point , 3
jtw 7. fx)=y=3Yx+5
y3 =x+5
"7 x=y' -5
/ =Yy
Interchange x and y:
[=4.7, 4.7} by [=3.1, 3.1] y=xi=5
6. The reflection of the line L is the tangent line to the graph Flx=x3-5
of y=x" +2x—1at the point (1, 2) . The slope is ﬂat x=1, 8
dx 8 f(x)=y==
which is 7. x
7. The slope of L is the reciprocal of the slope of its reflection x= 8
y
. Ax .
since Ay gets reflected to become — |. It is 1 . Interchange x and y:
Ax Ay 7 g
1 -
8. = | 8
7 ==
X



‘ .

o=

10. f(x)=y= arctan%

ny=",-FcyE
=TS,
x =3tan —£< <E
ym oy <y<s

Interchange x and y:

n T
y=3tanx, - —<x<—
2 2

-1 4 /1
=3tanx, ~—<x<—
fr® X, -y <x<s

Section 3.8 Exercises

. Q—icos (x )— —1——d— x

II

—_I”—O—( %) |x|\/x_~
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6. dy d(sx/l s )+—(c0s 5)

=(S)[ ](—ZS)+(\/1 s~
21— 52

2 i 1
=— +41- —
V1-s2 ’ 1-s2

—s2+(1-s%)-1

V1=s2

252
\ll—s2
=§;(xsin_’ x)+d£x—(\/1—x2)

JT

1 . 1
= (x)| === [+ in~" Y1) + ———=(-2x)
[«/1—;:2 J 2W1-x2

=sin"'x

dy

dy_d i
8. dx_dx[sm (2x)]

= ~[sin"!(2x)]? % sin™! (2x)
=—[sin”'2x)]? % 9))

1-4x
2

[sin~ 22y 1- 4x

9. x(t)=sin'1(£)
de _d|.. [t} 1 dft
E—E sin Z ————t — -Z

dar at JI—(fap2 dt 12 Jr
L e
dy -1 1 d
4, Z="gn'(l-f)=—— (1t
dt d ( ) 1_(1_02 dt( - 1 . 1
. 1 8t
- 16
21 dx 1 1
v(4)= = .
dy d .3 1 d(3 at|_, 4 8J4
5 2X=Sgn!| 2 |le eS| 2 1%
dt dt 2 3 2 dt\ 42
1—(—2—) 1 12 1 43
! - T 24
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dx
1. = dt[t n—lt:|_1+t2

V2= ‘_{ 1+22=_

12. E_ dt[ta n7l(e?)]

1
“Tre

o u
B 1+t4
2(1)
W= T
13, Yo L 1 541)
ds ds _
= ! 4 25+1)
Rs+1)@s+1)2 -1 95
|2s+1|\/4s2+4s |2s+1]\/sz+s
dy d 1 d 1
142 =L e tsgmn Y5=
s ds |5s]+/(55)% —1 9 |s|/255* -1
15 9 icsc“‘(x2 +1)
dx  dx
1
=— LERIEN
| + 1) +1)2 -1
_ 2x _ 2
G2+t 4227 Wt 42

Note that the condition x > 0O is required in the last step.

19. dy—icot t—1=— L d

—_—— t_
dr dt 1+(r-1)% at

1 1 1
()
20. dy d«/ 1———sec s
S

1
= (25)-
2\/s2—1 |s|\/s2—1

_ sl
|s|\/s2—1
1 Zi = %(tan_l Vx? —1)+i(csc-‘ x)

1 a \/_
)_—
1+(\/x - ) ]x|\/x -1

1 1
x? 2\/x2—1 |x|\/x -1
x\/x -1 |x|\/x -1

Note that the condition x > 1 is required in the last step.

22, dy 4 cot_ll —i(tan‘lx)
dx  dx x) dx

16. 2_2L, ‘1 x
dx dx 2 =
‘ ) X+l 1+
=0,x#0
- The condition x # 0 is required because the original
I xl,/ x2—4 function was undefined when x = 0.
23. =seclx
ody_d 1) 1 d4(1) i’
1/.;:5360 L;J:—z EL;J ﬂ=__l—
1 (1] » x|V -1

I [_ 1 J 1
- 2 t2 B 2
1| (1 1—t
t
Note that the condition ¢ > 0 is required in the last step.

182l L_d;
dt dt 1+ ()2 dt
1

N

t

1 1
)= 2V22-1 243
y(2)=sec™!(2)=cos™! (%) =

w|y

1 b2
=—x-2)+=
y 2\/3( )tz
or y=0.289(x—-2)+1.047
y=0.289x+0.469



24 y=tan"'x
ﬂ_ 1
dx ~ 1+x?
w11
Y@=15773

¥(2)=tan™'(2)
y= %(x ~2)+tan"'(2)

or y=0.2(x—-2)+1.107
y=0.2x+0.707

1
2 4
T

1

V16—x?
1 1

’ 3 —_— . —
ye) Vie-32 7

y(3)=sin~} G—)

1

or y=0.378(x—-3)+0.848
y=0.378x-0.286

26. y=tan~'(x?)

y= W(x— 3)+sin! (%)
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27. (a) Sinceﬂ = sec? x, the slope at [E, 1) is sec? = 2.
dx 4 4
The tangent line is given by

/4 T
=2 x——|[+Lory=2x——+1.
y ( 4) y 5

. dy 1 n)] 1 1
(b) Since —= , the slope at (1,——]18 =—,
dx  1+x? 4) 1412 2
The tangent line is given by y= %(x -1+ %
1 1 =
or y=—x——+—
2 2 4

28. (a) Note that f(x) = 5x* +6x2 +1. Thus f (1) =3 and
fry=12.
(b) Since the graph of y = f (x) includes the point (1, 3) and
the slope of the graph is 12 at this point, the graph of

y=f ~!(x) will include (3, 1) and the slope will be % .

Thus, £~ (3)=1and( iy = é (We have assumed

that f -1 (x) is defined and differentiable at
x =3, This is true by Theorem 3, because
F/(x)="5x* +6x% +1, which is never zero.)

29. (a) Note that f’(x) = —sin x + 3, which is always between

2 and 4. Thus fis differentiable at every point on the
interval (—eo, o) and f’(x) is never zero on this interval,
so fhas a differentiable inverse by Theorem 3.

(b) fO)=cos0+3(0)=1;
f(0) ==sin0+3=3

(c) Since the graph of y = f(x) includes the point (0, 1) and
the slope of the graph is 3 at this point, the graph of

L )
drx  1+(x*)*  dx y=f"(x) will include (1, 0) and the slope will be % ,
= ;4 . 2x 1
l-gx Thus, /(1) = 0 and (£ 'Y (1) = 3.
X
N 30.
, 20 2
yi=—2 -2 VAN
=1 Z \/
y()=tan~'(1?)
— -1
= tan™ () {27, 27] by [—4, 4]
= % (a) All reals
n T
(b) [——, —}
y=1(x-1) +% 22
yox—1+ % (c) At the points x = k%, where k is an odd integer.

or y=x-0.215
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30. Continued

d 1 d
38.D. —tan” (3x)= —@3
(@ o T e Y
1
= «3
1+9x?
3
1+9x2
d . 39. A. d 5 Se¢ 1(x?)= 1 d ( 2)
© f(x)=——sin”!Ginx) 2o -1
1
_ 1 a . =12
i it
_ cosx -2
_\ll—sinzx xxt -1
which is + 1 depending on whether cos x is positive or 40.C dy_d (tan“ (2x))
negative. T dx  dx
ﬂ 1 -1 .4
31.(a) v())=—= e T (2x)
2 - , S S
(b) a(t) = — =—-——— which is always negative. 1+4x2
m () )
© = TTran
2 G 2 2
32. a4 cos H(x) = 4z sin”! x dx|_, 1+40P S
dx dx\ 2
n
. 41. ==
=0-Lini(x) @ =3
dx
1 T
== b =
2 ) y=-7
d -1 dirn -1 . d -1
33, —cot™ x=—/ = —tan ¢) Nore, —tan" x= #0.
I cot™ x i [2 (x)] (¢) None, since I )
=0—itan_1(x) 422.(@)y=0
dx
1 b)y=r
)
I+x (c¢) None, since —‘icot_1 x=- )
d dln dx I+x
34, —csc_l(x) == | Zosec ()
dx dx\ 2 n
43.(a) y==
d 2
=0-—sec™ (x)
dx OB E n
=3

1
- |x’\/x2 -1

35. True. By definition of the function.

36. False. The domain is all real numbers.

37.E. ism“1 (i)— ! (x)
dx

:‘
N—

d
(c) None, since sec ly=
|xN %"=
44.(a@)y=0
) y=0

: . d
(¢) None, since csc Tx=

e



]

45. (a) None, since sin”! x is undefined for x > 1.

1

(b) None, since sin” " x is undefined for x < —1.

. 1
(c) None, since ism Tx=
dx

o #0.

46. (a) None, since cos ! x is undefined for x > 1.

1

(b) None, since cos™ x is undefined for x < —1.

1
(c) None, since icos“1 x=— #0.
dx 1—x2
47. (a)
L]
P

a=cos™ x, B=sin" x

-1 . -1 T
Therefore, cos™ x+sin” x=a+f= 5

a=tan"'x, f=cot™ x

- - T
Therefore, tan™! x +cot 1x=06+[3=5.

;
. X
]

1

a=secx, B=csctx

- - i1
Therefore, sec™ x +csc 1Jc=oz+ﬁ=5.

48. .

-

3

g
# 3
¥ %
M #

NS R
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AY
—le—|
:

If s is the length of a side of the square, then -
tana=>=1, so @=tan"' 1 and

tan f="=2,50 f=tan"' 2.

SR

Then y=m—0—B=n—tan' 1—tan™' 2=tan™" 3.
(In the last step, we used Exercise 48.)

Section 3.9 Derivatives of Exponential and
Logarithmic Functions (pp. 172-180)

Exploration 1 Leaving Milk on the Counter
1. The temperature of the refrigerator is 42°F, the temperature
of the milk at time = 0.
2. The temperature of the room is 72°F, the limit to which
y tends as ¢ increases.
3. The milk is warming up the fastest at ¢ = 0. The second
derivative y” = —30(In(0.98))*(0.98)" is negative, so
y’ (the rate at which the milk is warming) is maximized at
the lowest value of #.
4. We set y =55 and solve;
72-30(0.98) =55
17

0.98) =—
(098) ==7

t1n(0.98) = ln(ﬂ)
30

&)
Inf —
= 30 =728.114

f— e L

/

B
C

The “straight angle” with the arrows in it is the sum of the
three angles A, B, and C. )

A is equal to tan"! 3 since the opposite side is 3 times as
long as the adjacent side.

B is equal to tan™ 2 since the side opposite it is 2 units and
the adjacent side is one unit.

Cis equal to tan™' 1 since both the opposite and adjacent
sides are one unit long.

But the sum of these three angles is the “straight angle,”
which has measure 7 radians.

" In(0.98)

The milk reaches a temperature of 55° F after about
28 minutes.

5. % =-30In(0.98)« (0.98)". At r=28.114,

% ~ 0,343 degrees/minute.

Quick Review 3.9

8
In5
2. 7% =e1n7x :exln7

1. Iog58=1n—



